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Entangled quantum states, such as N00N states, are of major importance for quantum technologies
due to their quantum-enhanced performance. At the same time, their quantum correlations are
relatively vulnerable when they are subjected to imperfections. Therefore, it is crucial to determine
under which circumstances their distinct quantum features can be exploited. In this paper, we
study the entanglement property of noisy N00N states. This class of states is a generalization of
N00N states including various attenuation effects, such as mixing, constant or fluctuating losses, and
dephasing. To verify their entanglement, we pursue two strategies: detection-based entanglement
witnesses and entanglement quasiprobabilities. Both methods result from our solution of so-called
separability eigenvalue equations. In particular, the entanglement quasiprobabilities allow for a full
entanglement characterization. As examples of our general treatment, the cases of N00N states
subjected to Gaussian dephasing and fluctuating atmospheric losses are explicitly studied. In any
correlated fluctuating loss channel, entanglement is found to survive for non-zero transmissivity.
In addition, an extension of our approach to multipartite systems is given, and the relation to the
quantum-optical nonclassicality in phase-space is discussed.
I. INTRODUCTION
In quantum information, certain quantum states are
of particular interest as they allow for performing tasks
beyond classical limitations. Among these states is the
prominent, two-mode entangled N00N state [1]. Due to
its phase sensitivity, this state is of great interest in the
fields of quantum metrology [2], quantum imaging [3],
and quantum lithography [1]. Even though the experi-
mental preparation of N00N states is rather challenging,
several realizations have been reported, e.g., [4–9].
In order to benefit from the distinguished characteris-
tics of quantum states when employed in quantum tech-
nologies, it is crucial to assess their performance under
realistic conditions. In other words, one needs to inves-
tigate in which scenarios of perturbations one could ex-
pect certain quantum enhancements over classical strate-
gies. For such an evaluation, one has to take into account
various deficiencies, such as imperfect state preparation
and manipulation, loss effects, phase noise, and others.
Therefore, suitable experimental and theoretical tools are
required to characterize desirable quantum properties.
A fundamental quantum property of a compound
quantum system is entanglement. It has been the central
idea in discourses on the principles of quantum mechan-
ics [10, 11], and it is the basis for various applications in
quantum information [12]. Although there exist a num-
ber of methods for the verification of particular kinds
of entanglement [13, 14], it is a challenging task to de-
tect entanglement in general. Among the vast variety
of successfully applied entanglement probes, the method
of entanglement witness is one of the most established
ones [15, 16]. Entanglement witnesses are a class of lin-
ear operators whose expectation values are nonnegative
∗ martin.bohmann@uni-rostock.de
for separable states but can become negative for entan-
gled states. Because of the success of entanglement wit-
nesses, their construction and optimization have been ex-
tensively studied, e.g., [17–22].
One way to systematically construct entanglement wit-
nesses is based on the separability eigenvalue problem
(SEP) [20, 21]. Once the SEP is solved for a given lin-
ear operator, one is able to construct an optimal witness.
In the case of multipartite entanglement, this allowed us
to experimentally characterize various forms of entangle-
ment beyond earlier limitations [23, 24]. Furthermore,
this technique has been generalized to quantify entangle-
ment [25] and to infer entanglement in systems of indis-
tinguishable particles [26].
Although entanglement witnesses are an effective tool,
each witness resembles a sufficient entanglement condi-
tion only. This means, one cannot conclude the separa-
bility of a state by applying a single or few entanglement
witnesses. A way to overcome this problem is to express
the state in terms of so-called entanglement quasiprob-
abilities [27]. In such a quasiprobability representation,
the state is expanded in a separable-state-diagonal form
and separability is unambiguously certified by its nonneg-
ativity. In contrast to the witnessing approach, any oc-
curring negativity in the entanglement quasiprobabilities
provides a necessary and sufficient entanglement verifica-
tion. For example, entanglement quasiprobabilities have
been applied to two-mode squeezed-vacuum states [28].
In this paper, we study the entanglement property of
noisy N00N states. This generalization of N00N states
takes into account various noise effects, such as mixtures,
fluctuating losses, and dephasing. The SEP is solved
for this entire family of states and its relation to wit-
nesses and entanglement quasiprobabilities is shown. For
the case of Gaussian dephasing and atmospheric losses,
we explicitly provide and discuss entanglement witnesses
and entanglement quasiprobabilities. In addition, we also
ar
X
iv
:1
70
4.
05
63
7v
2 
 [q
ua
nt-
ph
]  
18
 Ju
l 2
01
7
2outline a generalization to witness multimode entangle-
ment, and we compare our entanglement quasiprobabili-
ties to another fundamental quasiprobability representa-
tion in quantum optics.
The paper is organized as follows. In Sec. II, we define
the class of noisy N00N states. The SEP and its relation
to entanglement witnesses and entanglement quasiprob-
abilities is considered in Sec. III. In Sec. IV, we solve the
SEP problem for noisy N00N states. Explicit examples of
the entanglement verification are given in Sec. V. In Sec.
VI, we discuss multipartite generalizations and compar-
isons with phase-space quasiprobabilities. We summarize
and conclude in Sec. VII.
II. NOISY N00N STATES
In this section, we define the class of noisy N00N states,
introduced in Ref. [29]. As noisy N00N states take into
account various imperfections, they provide a more real-
istic representation of such states from the experimental
point of view. Specifically, we focus on the influences of
dephasing and fluctuating losses, as those effects are of
particular importance in the continuation of this work.
The ideal N00N state with a photon number N reads
as
|ψN 〉 = 1√
2
(|N, 0〉+ |0, N〉) . (1)
In particular, the density operator |ψN 〉〈ψN | includes
diagonal contributions of the form |N, 0〉〈N, 0| and
|0, N〉〈0, N | as well as the interference parts |N, 0〉〈0, N |
and its Hermitian conjugate. Thus, one can introduce
the following generalization [29]: Any quantum state ρˆ
which is of the form
ρˆ =ρ00,00|0, 0〉〈0, 0|
+
∞∑
i=1
[
ρi0,i0|i, 0〉〈i, 0|+ ρ0i,0i|0, i〉〈0, i|
]
+
∞∑
i=1
[
ρi0,0i|i, 0〉〈0, i|+ ρ0i,i0|0, i〉〈i, 0|
]
,
(2)
is referred to as a noisy N00N state. Obviously, a N00N
state is in this class, but separable states can also be
found in this family, e.g., |0, N〉〈0, N |. Moreover, this
family of states can be obtained from ideal N00N states
(1) by including the imperfections of mixing N00N state
with different photon numbers as well as deterministic
and fluctuating losses and phase manipulations [29].
In this paper we focus on the noise effects of dephas-
ing and fluctuating losses on the entanglement. Note
that these two effects are also crucial to the quantum-
enhanced phase sensitivity [30, 31] of N00N states. In
the following, these two noise contributions are explained
in more detail.
A. Dephasing
The phase of a single-mode state can be determinis-
tically manipulated via the unitary transformation eiϕnˆ,
where nˆ is the photon-number operator. Consequently,
fluctuating phases describe a two-mode dephasing chan-
nel,
ρˆ 7→ Λdeph(ρˆ) =
∫ 2pi
0
dϕa
∫ 2pi
0
dϕb p(ϕa, ϕb) (3)
× [eiϕanˆ ⊗ eiϕbnˆ]ρˆ[e−iϕanˆ ⊗ e−iϕbnˆ],
for a phase distribution p(ϕa, ϕb). From an ideal N00N
state, we get the noisy N00N state
Λdeph(|ψN 〉〈ψN |)
=
1
2
[|0, N〉〈0, N |+ |N, 0〉〈N, 0|
+λ|N, 0〉〈0, N |+ λ∗|0, N〉〈N, 0|] ,
(4)
with λ =
∫ 2pi
0
dϕa
∫ 2pi
0
dϕb p(ϕa, ϕb)e
i(ϕa−ϕb)N . In gen-
eral, the dephasing yields a reduction of coherence terms,
|λ| < 1. Moreover, a full dephasing, p(ϕ) = 1/(2pi),
yields λ = 0, which causes a complete loss of phase sen-
sitivity and entanglement. Note that, however, in the
case of full dephasing or no phase information more gen-
eral quantum correlations might be preserved [32, 33] and
such correlations can still be used for quantum informa-
tion tasks [34].
Specifically, we consider the case of Gaussian dephas-
ing in the second mode, which was also studied in Refs.
[28, 29]. In this case, p(ϕa, ϕb) = δA(ϕa)pB(ϕb) [δA de-
notes the Dirac-delta distribution], the phase distribution
pB(ϕb) might be modeled by a wrapped Gaussian phase
distribution,
pB(ϕb) =
∑
k∈Z
1√
2piδ2
exp
[
− (ϕb + 2kpi)
2
2δ2
]
, (5)
where δ is the width of the initial Gaussian distribution.
Now, we get the coherence term λ in Eq. (4) as
λ = e−δ
2N2/2, (6)
which decreases for increasing δ.
B. Fluctuating, atmospheric losses
As a second scenario of imperfections, we consider
losses. Specifically, fluctuating losses are the main chal-
lenge in free-space quantum communication [35, 36]. Im-
portantly, the impact of such atmospheric losses can dif-
fer drastically from deterministic loss channels [37, 38].
3In a first step, we consider the influence of determinis-
tic loss, which gives
|ψN 〉〈ψN | 7→ (TaTb)
N
2
[
|N, 0〉〈0, N |+ |0, N〉〈N, 0|
]
(7)
+
1
2
N∑
k=0
(
N
k
)
T 2ka (1−T 2a )N−k|k, 0〉〈k, 0|
+
1
2
N∑
k=0
(
N
k
)
T 2kb (1−T 2b )N−k|0, k〉〈0, k|,
with Ta, Tb ∈ [0, 1] being the real-valued field transmis-
sion coefficients of the two modes. In atmospheric chan-
nels, the transmission coefficients do not have a fixed
value. Rather, they vary in a random manner. A quan-
tum optical consistent framework of such fluctuating loss
channels has been introduced in Ref. [39]. In this way,
each atmospheric channel is characterized by a probabil-
ity distribution of the transmission coefficient P, result-
ing in the moments of the transmission coefficients:
〈Tma Tnb 〉 =
∫ 1
0
dTa
∫ 1
0
dTb P(Ta, Tb)Tma Tnb . (8)
Different models for P, representing different atmo-
spheric conditions, have been formulated [40, 41].
In the second step, we apply the fluctuating loss to the
N00N state. This gives a state of the form in Eq. (7),
where the transmission coefficients are replaced with the
moments in Eq. (8). Namely, we get for a turbulent,
atmospheric channel Λatm,
Λatm(|ψN 〉〈ψN |)
=
〈TNa TNb 〉
2
[
|N, 0〉〈0, N |+ |0, N〉〈N, 0|
]
+
1
2
N∑
k=0
(
N
k
)
〈T 2ka (1−T 2a )N−k〉|k, 0〉〈k, 0|
+
1
2
N∑
k=0
(
N
k
)
〈T 2kb (1−T 2b )N−k〉|0, k〉〈0, k|.
(9)
III. ENTANGLEMENT AND THE
SEPARABILITY EIGENVALUE PROBLEM
In this section, we recall the theoretical framework of
the used entanglement detection methods. For this pur-
pose, the SEP is considered in a first step. After that, we
show how its solutions can be used to construct entan-
glement witnesses and entanglement quasiprobabilities.
A. Separability eigenvalue problem
Let us start with the definition of the SEP for a general
Hermitian operator Lˆ [20, 21], which are used for our
analysis. In the bipartite case, the separability eigenvalue
equations are defined as:
Lˆb|a〉 = g|a〉 and Lˆa|b〉 = g|b〉 (10)
with the local projections,
Lˆa = trA[Lˆ(|a〉〈a| ⊗ 1ˆ)] and Lˆb = trB [Lˆ(1ˆ⊗ |b〉〈b|)].
The values g and the normalized states |a, b〉 are referred
to as the separability eigenvalues and eigenvectors, re-
spectively. The SEP, given by the Eqs. (10), is a coupled
eigenvalue problem. Thus, solving the SEP is, in gen-
eral, a nontrivial problem. All solutions of the SEP can
be collected in a set of pairs,
{(gi, |ai, bi〉)}i. (11)
So far, we formulated a rather abstract algebraic prob-
lem. The strength and usefulness of the SEP as well as
its solutions for N00N states is presented in the following.
B. Entanglement witnesses
We now show how one can use the SEP in order to
construct entanglement witnesses [20]. An entanglement
witness is an operator Wˆ which yields non-negative ex-
pectation values for separable states. Thus, 〈Wˆ 〉 < 0
certifies entanglement. Any entanglement witness can
be written in the form Wˆ=w1ˆ− Lˆ, where w is the max-
imally attainable expectation value for separable states
[18, 20]. Thus, by using the solution of the SEP in Eq.
(11), we can identify w and show that any entanglement
witness has the form [20]
Wˆ = sup
i
{gi}1ˆ− Lˆ. (12)
Hence, the solution of the SEP can be used to design
witness operators, suited for a desired class of states, to
assess the entanglement. Also note that this method has
been generalized to multipartite entanglement [21] and
applied to construct optimal witnesses for experimental
applications [23, 24, 42]. To get customized witnesses for
the class of noisy N00N states (2), we consider operators
Lˆ in Eq. (12) of the form
Lˆ =L(0)|0, 0〉〈0, 0|
+
∞∑
i=1
[
L
(A)
i |i, 0〉〈i, 0|+ L(B)i |0, i〉〈0, i|
]
+
∞∑
i=1
[
γi|i, 0〉〈0, i|+ γ∗i |0, i〉〈i, 0|
]
.
(13)
C. Entanglement quasiprobabilities
We have just shown how one can use the solutions of
the SEP to construct entanglement witnesses. However,
4an unsuccessful test, 〈Wˆ 〉 ≥ 0, does not allow for con-
cluding separability. For this reason, we introduced the
method of entanglement quasiprobabilities [27], which is
also based on the SEP. Using this representation, sep-
arability is certified if and only if this quasiprobability
distribution is nonnegative. Conversely, entanglement is
uniquely identified by negativities within the entangle-
ment quasiprobability distribution.
It has been shown in Ref. [27] that the solutions of
the SEP in Eq. (11)—while replacing the test operator
with the state, Lˆ = ρˆ—allows for expanding the quantum
state in terms of separability eigenvectors
ρˆ =
∑
k
PEnt(ak, bk)|ak, bk〉〈ak, bk|, (14)
where PEnt is the entanglement quasiprobability distri-
bution. Furthermore, a relation between PEnt and the
separability eigenvalues has been formulated. Namely,
based on the solutions of the SEP of ρˆ, we can construct
the following Gram-Schmidt matrix and vector of sepa-
rability eigenvalues:
G = (〈ak, bk|al, bl〉)k,l and ~g = (gk)k. (15)
This allows us to formulate the linear equation
G~p = ~g, (16)
where ~p represents an entanglement quasiprobability dis-
tribution. By inverting this matrix equation, we obtain
the entanglement quasiprobability ~p. If the matrixG has
the eigenvalue zero, ~p needs to be further optimized over
the set of orthonormal eigenvectors ~p0,k to the eigenvalue
0 of G. This gives [27]
PEnt ∼= [PEnt(al, bl)]l = ~p+
∑
k
ck~p0,k, (17)
where ~p = G+~g (G+ denotes the Moore-Penrose pseu-
doinverse) and the real coefficients are
ck = −
~pT0,k~p
~pT0,k~p0,k
. (18)
Therefore, based on the solutions of the SEP of the
quantum state ρˆ, we can get the full knowledge on the en-
tanglement properties from the entanglement quasiprob-
ability. This is a great asset compared to entanglement
witnesses, which only provide a certain test condition
rather than a full state characterization.
IV. SOLUTION FOR NOISY N00N STATES
We solve the SEP for the whole family of operators of
the form of noisy N00N states in Eq. (2), likewise the op-
erators in Eq. (13), which can be found in the Appendix.
This allows us to apply the methods explained in Sec.
III. Here, let us focus on a special case to exemplify the
general treatment and to avoid a lot of technical details
due to the complexity of the full problem. We choose to
consider the following test operator:
Lˆ = |N, 0〉〈0, N |+ |0, N〉〈N, 0|. (19)
Note that this operator addresses the interference terms
of the noisy N00N states in Eq. (2).
For an efficient solution of the separability eigenvalue
equations (10), we can decompose the separability eigen-
vector of the first mode as
|a〉 =r|0〉+
√
1− |r|2|N〉 (20)
with a complex r and |r| ≤ 1. The reduced operator—
with respect to |a〉—is
Lˆa =
√
1− |r|2
[
r|0〉〈N |+ r∗|N〉〈0|
]
. (21)
Hence, for 0 < |r| < 1, we get the eigenvectors to the
second equation of the SEP (10) as
|b〉 = 1√
2
[
|0〉 ± r
∗
|r| |N〉
]
. (22)
Now, it follows that the reduced operator—with respect
to |b〉—reads
Lˆb = ± 1
2|r|
[
r∗|N〉〈0|+ r|0〉〈N |
]
. (23)
The initial vector |a〉 is an eigenvector of this operator,
if and only if |r| = 1/√2. In addition, this yields the
corresponding separability eigenvalues
g = ±1
2
. (24)
Also note that for the trivial choices |r| = 0, 1, we get
g = 0 for the separability eigenvectors |a, b〉 having the
form |0, 0〉, |0, N〉, |N, 0〉, or |N,N〉.
Hence, we get for the here-considered operator Lˆ that
the maximal expectation value for separable states is 1/2.
This allows us to construct a witness of the form given
in Eq. (12). Equivalently, one can state the following: If
the state under study ρˆ is separable, it holds
2Re(ρN0,0N ) =
[
〈N, 0|ρˆ|0, N〉+ 〈0, N |ρˆ|N, 0〉
]
≤ 1
2
.
To further generalize this expression, we can use the fact
that the separability eigenvalues do not change under
local unitary transformations, such as phase transforma-
tions. Consequently, the above separability constraint
generalizes to
|ρN0,0N | ≤ 1
4
. (25)
This means that whenever the absolute value of any in-
terference term in the density matrix exceeds 1/4, entan-
glement is verified.
5The above consideration outlines how the SEP can be
solved and how its solutions can be used to construct wit-
nesses. We also study entanglement quasiprobabilities
in the next section. We stress that the fully analytical
solutions for noisy N00N states (2) and test operators
(13) are provided in the Appendix. Although our ap-
proach to construct measurable entanglement witnesses
or necessary and sufficient entanglement quasiprobabili-
ties seem to be more complex at first sight, it is worth
emphasizing that the solutions of the SEP are provided
here and, therefore, allow for the direct application of our
techniques in experiments.
V. APPLICATION TO NOISY N00N STATES
In this section, we study the entanglement properties of
the noisy N00N states in Eq. (2), based on entanglement
witnesses and quasiprobabilities. We start our analysis
for the pure N00N state. Afterwards we proceed to more
general noisy N00N states. In particular, we study the
influence of dephasing and fluctuating losses.
A. Pure N00N states
For a pure N00N state (1), we apply the witness con-
dition in Eq. (25). Form Eq. (1), we directly obtain
|ρN0,0N | = 1/2 and, therefore,
|ρN0,0N | = 1
2
>
1
4
. (26)
Hence, we make the well-known observation that the
N00N state is entangled, with our simple criterion.
As an alternative method, we now also consider the en-
tanglement quasiprobabilities, which has not been done
before. From the solutions in the Appendix for ρˆ =
|ψN 〉〈ψN |, we obtain the following pairs of separability
eigenvalues and separability eigenvectors:
{(0, |0, 0〉), (0, |N,N〉), (1
2
, |0, N〉), (1
2
, |N, 0〉)} (27a)
as well as
{(1
2
, |s0, s0〉), (1
2
, |s1, s1〉), (1
2
, |s2, s2〉), (1
2
, |s3, s3〉),
(0, |s0, s2〉), (0, |s1, s3〉), (0, |s2, s0〉), (0, |s3, s1〉)}, (27b)
where |sn〉 = (|0〉 + in|N〉)/
√
2. Based on the above so-
lutions, we define the Gram-Schmidt matrix G and the
vector of separability eigenvalues ~g [cf. Eq. (15)]. By in-
version of Eq. (16) described in Sec. III C, we eventually
obtain the entanglement quasiprobabilities for the pure
N00N state,
PEnt ∼= 1
4
(0, 0, 2, 2, 1, 1, 1, 1,−1,−1,−1,−1). (28)
FIG. 1. (Color online) Entanglement quasiprobability distri-
bution of pure N00N states. A patch in the horizontal plane
corresponds to a product |a, b〉 for the given vectors at the
axes. Note, the solutions are symmetric with respect to sub-
systems in the considered case. The height of the correspond-
ing bar is the value of PEnt(a, b) in Eq. (28). The negativities
directly reveal the entanglement of the N00N state.
The entanglement quasiprobability distribution of the
pure N00N state is shown in Fig. 1. The solutions [Eqs.
(27a) and (27b)] of the SEP for a different photon num-
ber, N 6= N ′, is basically identical. The only difference
is the exchange between |N〉 and |N ′〉. Thus, the entan-
glement quasiprobability distribution in Eq. (28) (Fig.
1) is the same for any pure N00N state |ψN 〉. This
quasiprobability distribution in Fig. 1 shows negativi-
ties which doubtlessly display the entangled character of
the N00N state. It also gives an additional insight into
the inseparable character of the distribution PEnt over
separable states. Namely, the negative contributions,
PEnt(a, b) < 0, are assigned to the last four states of
the solution in Eq. (27b), whereas all remaining parts—
including those in Eq. (27a)—have a positive (i.e., clas-
sical) weight, PEnt(a, b) ≥ 0.
B. Dephasing
After characterizing the entanglement of the ideal case,
let us study the dephased N00N state in Eq. (4). In a
first step, we apply the witness test based on the viola-
tion of the separability condition (25), which yields the
entanglement condition
λ >
1
2
. (29)
Therein, the influence of dephasing is characterized by
the parameter λ [see Eq. (4)].
We may further consider the specific case of Gaussian
dephasing, given by the distribution in Eq. (5). The
strength of the Gaussian dephasing is determined by the
width parameter δ, which reduces the interference terms
of the N00N state by a factor λ = exp(−δ2N2/2) [cf.
6Eqs. (4) and (6)]. Inequality (29) verifies entanglement
for width parameters with
δ <
√
2 ln 2
N
. (30)
Note that the bound scales as the inverse of the photon
number, N−1. This condition is shown by the dashed
line in Fig. 2. Entanglement is certified for low dephas-
ing strengths, whereas no entanglement can be inferred
in the case of strong dephasing because N00N states with
higher photon numbers N are more sensitive to dephas-
ing. Recall, the phase ϕ varies as e−iϕN .
In addition to this sufficient entanglement test, we can
directly determine the entanglement quasiprobabilities
for the dephased N00N state following the same proce-
dure as formulated in Sec. V A. The analytical solution
in the Appendix yields the following quasiprobability:
PEnt ∼= 1
4
(0, 0, 2, 2, λ, λ, λ, λ,−λ,−λ,−λ,−λ). (31)
Compared to Eq. (28) for the case of a pure N00N state,
we observe that the last eight entries are diminished by
λ ≤ 1. Those entries relate to similar solutions to those
in Eq. (27b), which address the interferences. However,
we also immediately observe that PEnt always contains
negative entries, −λ < 0.
The behavior of these entries in dependence on the
Gaussian parameter δ is shown as the solid curve in Fig.
2. Although these negativities decay with increasing δ,
they only vanish in the limit of a full dephasing, i.e.,
δ → ∞. Therefore, we can conclude that for any finite
dephasing the entanglement of the N00N state is pre-
served, as the negativities of PEnt are necessary and suffi-
cient for entanglement. Compared to the witness-related
approach (dashed curve in Fig. 2), we can see that the
entanglement quasiprobabilities detect entanglement in a
wider range than the witnesses test. This is not surpris-
ing as the method of entanglement quasiprobabilities is
a full state representation and uncovers all the entangle-
ment, while the witness approach depends on the choice
of the test operator, which might not be optimal.
FIG. 2. (Color online) Entanglement conditions are shown
as functions of the strength of Gaussian dephasing δ for a
dephased N00N state with N=2. Negative values indicate
the entanglement detection according to the witness condition
Eq. (30) (dashed) and the negativity of the entanglement
quasiprobabilities in Eq. (31) (solid).
C. Fluctuating, atmospheric losses
The second imperfection to be studied is the case of
N00N states suffering from fluctuating losses. As in the
case of dephasing, we consider both, entanglement wit-
ness and quasiprobabilities, in order to characterize the
entanglement. Furthermore, we illustrate how choosing a
different test operator can enhance the region of detected
entanglement.
For simplicity, we restrict ourselves to N = 2 and cor-
related fluctuating losses, which yields the state
ρˆfluc =〈(1− T 2)2〉|0, 0〉〈0, 0|
+ 〈T 2(1− T 2)〉(|1, 0〉〈1, 0|+ |0, 1〉〈0, 1|)
+ 〈T 4〉|ψ2〉〈ψ2|
(32)
[see Eq. (9)]. Correlated fluctuating losses means that
both optical modes copropagate through an atmospheric
channel, which results in identical randomizations of the
transmission coefficients, Ta = Tb = T (see [37, 38]).
Note that the state is then determined by the two trans-
mission moments 〈T 2〉 and 〈T 4〉 and it is a mixture of
separable states and the N00N state |ψ2〉.
In order to access the entanglement of the state (32),
we start again with the witness condition in Eq. (25),
resulting in the entanglement condition
1
4
− 〈T
4〉
2
< 0. (33)
This implies entanglement if 〈T 4〉 > 1/2, which limits
the maximal amount of sustainable loss. The test (33) is
plotted in Fig. 3 (dashed line) in dependence on the loss
parameter 〈T 4〉.
FIG. 3. (Color online) Entanglement of a N00N state under
correlated fluctuating loss, characterized via the fourth-order
moment 〈T 4〉 of the probability distribution of the transmis-
sion coefficient T . Negative values certify entanglement. The
dashed and dotted lines correspond to the witness conditions
in Eqs. (33) and (35), respectively. The solid line shows the
negativity of the quasiprobability in Eq. (37).
To demonstrate the influence of the choice of the test
operator Lˆ on the detectable range of entanglement, let
us now consider the modified test operator,
Lˆ = |N, 0〉〈0, N |+ |0, N〉〈N, 0|+ 1
2
|0, 0〉〈0, 0|, (34)
7for which we can formulate the corresponding wit-
ness condition. Again, from the solutions in the Ap-
pendix follows that the maximal separability eigenvalue
is supi{gi} = 1/2. This allows us to formulate the fol-
lowing entanglement condition:
1
2
− 〈Lˆ〉 < 0. (35)
For the state in Eq. (32), this explicitly reads
〈T 2〉 − 3
2
〈T 4〉 < 0. (36)
For the deterministic loss case, 〈T 4〉 = T 4 = 〈T 2〉2,
we certify entanglement for T 2 > 2/3. The condition
in Eq. (36) is shown in Fig. 3 (dotted line) for such
a deterministic loss. The range of a successful entan-
glement verification covers a wider range of parameters
than provided by the previous test (33) (dotted line).
This enhancement originates from the larger overlap of
the witness with the state understudy, i.e., 〈Lˆ〉 increases,
while the maximal separability eigenvalue is not affected
and remains constant. Moreover, the scenario of turbu-
lent loss, 〈T 4〉 6= 〈T 2〉2, together with the entanglement
condition (36) gives the bound 〈T 4〉/〈T 2〉 > 2/3.
The witness approach allows us to characterize fluc-
tuating loss conditions for which entanglement can be
preserved. Similar to the considered examples, this also
applies to the general case of noisy N00N states. Such
an analysis is of great importance for free-space quantum
communication. Firstly, it renders it possible to deter-
mine which channel losses are acceptable in order to pre-
serve entanglement. Secondly, one is able to construct
optimized entanglement conditions for various fluctuat-
ing loss conditions.
Finally, let us calculate the entanglement quasiproba-
bilities for the N00N state undergoing correlated fluctu-
ating losses. Similarly to the previously considered cases,
we can exactly derive the entanglement quasiprobabilities
for all cases of fluctuating losses,
PEnt ∼= (37)(
〈(1− T 2)2〉, 0, 〈T
4〉
2
,
〈T 4〉
2
,−〈T
4〉
4
,−〈T
4〉
4
,−〈T
4〉
4
,−〈T
4〉
4
,
〈T 4〉
4
,
〈T 4〉
4
,
〈T 4〉
4
,
〈T 4〉
4
, 〈T 2(1− T 2)〉, 〈T 2(1− T 2)〉
)
.
The entries in PEnt are associated with the vectors in Eqs.
(27a) and (27b), including the new, last two entries which
resemble the separable contributions |0, 1〉 and |1, 0〉. As
PEnt exhibits the negative entries −〈T 4〉/4, entanglement
can be verified for any 〈T 4〉 6= 0. The behavior of these
negativities in dependence on 〈T 4〉 are shown as the solid
line in Fig. 3. Hence, based on the quasiprobability
distribution (37), we can conclude that any correlated
(turbulent) loss channel with a nonzero transmission pre-
serves the entanglement of the N00N state. A similar
loss-robust behavior was indeed observed in other scenar-
ios, e.g., for entangled states in Mach-Zehnder interfer-
ometers [43] or continuous-variable quantum states [44],
and it is also predicted for the N00N state here.
VI. MULTIPARTITE GENERALIZATION AND
COMPARISON WITH NONCLASSICAL
CORRELATIONS
To get a deeper understanding of our findings, let us
generalize and compare our previous results. First, we
consider a generalization of the witnessing approach to
multipartite noisy N00N states for which we give an ex-
ample. In this context, we discuss the limitations of the
partial-transposition approach compared to our method.
Second, we compare our entanglement quasiprobabilities
with the bipartite Glauber-Sudarshan quasiprobability
distribution.
A. Multimode entanglement
A straightforward d-partite generalization of the N00N
state is defined as
|ψN,d〉 = 1√
d
d∑
m=1
|0〉1|0〉2 · · · |N〉m · · · |0〉d, (38)
with d ≥ 2 modes (see, e.g., Ref. [45]). The state |ψN,d〉
is also known as the generalized W state, where the ordi-
nary tripartite W state reads (|1〉1|0〉2|0〉3+|0〉1|1〉2|0〉3+
|0〉1|0〉2|1〉3)/
√
3. Also, d = 2 yields the previously stud-
ied bipartite N00N state. We are now interested in the
entanglement properties of such multimode N00N states,
while restricting to d = 3 modes. In the multimode sce-
nario, we can have different forms of separable states,
leading to different notions of inseparability (i.e., entan-
glement). Fully separable states are based on products
of the form |a〉1|b〉2|c〉3. By contrast, partially separable
states require the separation of one mode, for example,
|a〉1|φ〉2,3, where |φ〉2,3 could be an entangled state in the
last two modes. Because of the symmetry of the state
(38), it does not matter which mode is separated.
In order to identify multimode entanglement, one can
employ the multipartite SEP [21]. For example, this gives
8the three-mode entanglement witness
Wˆfull/part = ffull/part − |ψN,3〉〈ψN,3|. (39)
Similarly to our demonstration for the bipartite case, we
get the bounds ffull = 2/3 and fpart = 4/9 [21, 46]. A
state is not fully separable if 〈Wˆfull〉 < 0 and not partially
separable if 〈Wˆpart〉 < 0. For instance, we can consider
the state |ψN,d〉〈ψN,d| which undergoes Gaussian dephas-
ing in one of the modes (see also Sec. II A). This yields
〈Wˆpart〉 = −(4λ+ 1)/9 and 〈Wˆfull〉 = −(4λ− 1)/9, where
λ = exp(−δN2/2). The result of the two conditions is
shown in Fig. 4. Surprisingly, the dephased three-mode
N00N state always violates the condition for partial sep-
arability (solid line), which is not true for the case of full
separability (dashed line).
FIG. 4. (Color online) The expectation value of the witness
(39) for partial (solid line) and full (dashed line) separabil-
ity of a tripartite N00N state with dephasing of strength δ
in one mode. A negative value certifies the presence of the
corresponding form of inseparability.
Obviously, the situation becomes ever more complex
for increasing numbers of modes d, because we can con-
sider separations beyond bi- and triseparable states. The
experimental implementation of our approach to con-
struct entanglement tests has successfully verified such
different, complex forms of multipartite entanglement
[23, 24]. By contrast, the popular positive partial trans-
position criterion [47] cannot perform such a task. Since
any mode is either transposed or not, this effectively de-
composes the system into bipartitions and, thus, can only
identify entanglement based on bipartitions. Using our
technique, we could additionally verify full inseparability
for d = 3 modes, which defines tripartite entanglement,
and thus outperforms the partial transposition.
B. Nonclassical correlations
Furthermore, let us discuss the conceptual impor-
tance of the entanglement quasiprobabilities representa-
tion (14) and its relation to other notions of nonclassi-
cal correlations. Entanglement quasiprobabilities provide
a direct connection to the very definition of separable
states. By definition, any bipartite separable state can
be given by a convex combination of product states [48],
σˆ =
∑
k
pk|ak, bk〉〈ak, bk|, (40)
with pk being a classical probability distribution. Any
bipartite state which cannot be expressed in this form is
entangled. However, entangled states can be decomposed
similarly to Eq. (40) if we allow for negativities in the
probability distribution [cf. Eq. (14)]. Therefore, we im-
mediately observe the structural similarity between the
definition of separability and inseparability, and how sep-
arability is overcome in terms of quasiprobabilities for en-
tangled states. This demonstrates the fundamental char-
acter of such a quasiprobability representation.
Moreover, we would also like to emphasize the con-
ceptual similarity to the Glauber-Sudarshan P represen-
tation [49, 50]. The two-mode P representation is the
expansion of the considered quantum state in a diagonal
coherent-state basis
ρˆ =
∫
d2αd2βP (α, β)|α, β〉〈α, β|. (41)
The standard definition of a classical state in quan-
tum optics is that P is a valid probability distribu-
tion, while nonclassical quantum states do not allow
for such a non-negative P distribution [51]. Therefore,
the Glauber-Sudarshan P representation and the entan-
glement quasiprobabilities have a similar structure and
can be interpreted in the same way. When comparing
this to our entanglement quasiprobability representation
(14), we find similarities and differences. In both cases,
Pent(a, b) ≥ 0 and P (α, β) ≥ 0 identify classical prop-
erties with respect to different classical references. How-
ever, the P representation in quantum optics relies on the
preferred basis of coherent states |α, β〉. The entangle-
ment quasiprobabilities are independent of the local rep-
resentation, since any product state |a, b〉 can be used [see
Eq. (40)]. The other way around, a classical Glauber-
Sudarshan representation also implies separability [27].
Let us consider the case of a fully dephased N00N state
[see Eq. (4) for λ = 0]. This state can be given by its P
representation
P (α, β) =
N∑
k=0
(
N
k
)
1
2(N − k)!∂
N−k
α ∂
N−k
α∗ δ(α)δ(β)
+
N∑
k=0
(
N
k
)
1
2(N − k)!∂
N−k
β ∂
N−k
β∗ δ(α)δ(β),
(42)
where δ is the Dirac-delta distribution. As P (α, β) ex-
hibits finite orders of derivatives of the δ distribution [52],
P (α, β) is not positive semidefinite. Therefore, the state
(|N, 0〉〈N, 0| + |0, N〉〈0, N |)/2 is quantum correlated in
terms of the Glauber-Sudarshan P function. Still, the
entanglement quasiprobability representation (31) of this
9separable state is naturally non-negative, demonstrating
the absence of quantum correlations in terms of entangle-
ment. Hence, our approach of entanglement quasiprob-
abilities allows for discerning entanglement from the no-
tions of nonclassicality in quantum optics, while being
based on a comparable approach. It is also worth men-
tioning that the general basis independence of entangle-
ment has been also discussed in Ref. [53], and another
quasiprobability representation has been introduced in
Ref. [54].
VII. CONCLUSIONS
In summary, we presented a fully analytical study
which allows one to characterize the entanglement prop-
erties of noisy N00N states. We used two methods to
determine entanglement, namely entanglement witnesses
and entanglement quasiprobabilities. Both methods are
based on the solutions of the separability eigenvalue equa-
tions. We solved those equations for the considered fam-
ily of states. As examples, we investigated the impact
of dephasing and turbulent losses on the entanglement
of N00N states. Still, our general solution directly ap-
plies to any noisy N00N state, which includes much more
general scenarios of imperfections.
We compared the entanglement quasiprobabilities with
the witness approach. By construction, the entangle-
ment quasiprobabilities are capable of uncovering any
kind of entanglement of the states under study. There-
fore, the entanglement quasiprobabilities represent a use-
ful tool for the necessary and sufficient entanglement ver-
ification. However, to date, it is unclear how to apply
this technique experimentally. In contrast, entanglement
witnesses have been successfully applied to experimental
data in the past. Hence, they present a sufficient entan-
glement condition only. Independently of the preferred
case (either necessary and sufficient or experimentally ac-
cessible conditions), our method can be applied.
We applied both approaches and, specifically, charac-
terized N00N states that are subjected to dephasing and
fluctuating, atmospheric losses. We started our entangle-
ment analysis with pure N00N states and included both
types of imperfections. We could demonstrate via the
entanglement quasiprobabilities that the entanglement of
the initially pure N00N states can be detected for any de-
phasing and loss—excluding the singular cases of a full
phase diffusion and a zero transmittance. Furthermore,
we investigated for which imperfections the entanglement
can still be detected with measurable witnesses.
Moreover, we studied the multipartite generalization
and showed that our witnessing approach exceeds the
capabilities of the partial transposition. In particular,
we can clearly distinguish the cases of full and partial
separability, which is important for classifying the en-
tanglement among multipartite quantum networks and
channels. By relating the entanglement quasiprobabil-
ities to the Glauber-Sudarshan representation, we have
also been able to discuss the role of different forms of
quantum correlations. This allows for distinguishing the
general quantum phenomena, defined through the two-
mode phase-space representation, into one part that cov-
ers separable forms of nonclassicality and one part with
inseparable quantum effects.
In conclusion, we implemented two complementary ap-
proaches to access the entanglement of noisy N00N state
via entanglement witnesses and entanglement quasiprob-
abilities. They enabled us to systematically and analyt-
ically infer how many imperfections can be tolerated in
general or for certain measurements. This renders it pos-
sible to predict stability requirements of dephasing chan-
nels or favorable turbulence conditions of atmospheric
communication links.
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Appendix: Exact solutions
In this Appendix, we provide a detailed calculation
which yields the solution of separability eigenvalue equa-
tions (10) [20, 21]. We consider the test operators (13),
which have the same structure as the noisy N00N states
(2), in an infinite-dimensional, bipartite Hilbert space.
First solutions for |a〉 and |b〉 can be directly found by
making the ansatz of states being either parallel to |0〉 or
perpendicular to |0〉 (cf. first four rows in Table I).
TABLE I. Solutions (g, |a, b〉) of the SEP in Eq. (10) for the
operators in Eq. (13). i is a positive integer; |x〉 and |y〉 are
arbitrary vectors perpendicular to |0〉 (e.g., the Fock states
|x〉 = |y〉 = |i〉). It holds that ϑ = ϕ − arg γi (e.g., one can
choose multiples of a right angle, ϕ = 0, pi/2, pi, 3pi/2); µ and
ν are explicitly given in Eq. (A.14).
g |a, b〉
L(0) |0〉⊗|0〉
L
(A)
i |i〉⊗|0〉
L
(B)
i |0〉⊗|i〉
0 |x〉⊗|y〉
µν
µ+ν−L(0)
√
ν|0〉+
√
µ−L(0)eιϕ|i〉√
ν+µ−L(0)
⊗
√
µ|0〉+
√
ν−L(0)eιϑ|i〉√
ν+µ−L(0)
In the case of superpositions of parallel and perpendic-
ular parts, we can use a parametrization
|a〉 = |0〉+ |x〉√
1 + 〈x|x〉 and |b〉 =
|0〉+ |y〉√
1 + 〈y|y〉 , (A.1)
where |x〉, |y〉 ⊥ |0〉 and |x〉, |y〉 6= 0. Inserting decomposi-
tion (A.1) into the first and second Eqs. (10), separating
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for contributions parallel and perpendicular to |0〉, and
using a proper scaling, we get
L(0) + 〈y|
(
Lˆ(B)|y〉+ γˆ†|x〉
)
=g (1 + 〈y|y〉) , (A.2a)
Lˆ(A)|x〉+ γˆ|y〉 =g (1 + 〈y|y〉) |x〉, (A.2b)
L(0) + 〈x|
(
Lˆ(A)|x〉+ γˆ|y〉
)
=g (1 + 〈x|x〉) , (A.2c)
Lˆ(B)|y〉+ γˆ†|x〉 =g (1 + 〈x|x〉) |y〉, (A.2d)
where we defined the single-mode operators (S = A,B)
Lˆ(S) =
∞∑
i=1
L
(S)
i |i〉〈i| and γˆ =
∞∑
i=1
γi|i〉〈i|. (A.3)
Note that Lˆ(A), Lˆ(B), and γˆ commute and that they have
the null space (i.e., kernel) spanned by |0〉.
Inserting Eqs. (A.2d) and (A.2b) into (A.2a) and
(A.2c), respectively, we obtain two identical equations,
L(0) = g(1− 〈x|x〉〈y|y〉). (A.4)
In the continuation of our calculation, it is convenient to
introduce the real-valued parameters
µ = g(1 + 〈x|x〉) and ν = g(1 + 〈y|y〉). (A.5)
Resolving those equations for 〈x|x〉 and 〈y|y〉 and insert-
ing the result into Eq. (A.4) yields the separability eigen-
value in the form
g =
µν
µ+ ν − L(0) . (A.6)
Using this representation and Eq. (A.5), we can write
〈x|x〉 = µ− L
(0)
ν
and 〈y|y〉 = ν − L
(0)
µ
. (A.7)
In the next step, Eqs. (A.2b) and (A.2d) can be com-
bined into a block form(
0
0
)
=
(
Lˆ(A) − ν γˆ
γˆ† Lˆ(B) − µ
)(
|x〉
|y〉
)
. (A.8)
To solve this equation, one has to compute the null space
of the block-operator which requires a vanishing determi-
nant. For the operators defined in Eq. (A.3), this results
in the constraint
0 =
∞∏
i=1
(
[L
(A)
i − ν][L(B)i − µ]− |γi|2
)
, (A.9)
which factorizes into terms for each i > 0. Therefore,
we can solve the problem for each i individually which
further implies that
|x〉 = α|i〉 and |y〉 = β|i〉, (A.10)
with α, β ∈ C and the Fock state |i〉. Inserting |x〉 and
|y〉 into Eq. (A.8), we get the following relation between
α and β:
β
α
=
γ∗i
µ− L(B)i
=
ν − L(A)i
γi
. (A.11)
Thus, we get for the phases arg β = argα − arg γi. For
the amplitudes, we get from Eq. (A.11)
β
α
β∗
α∗
=
ν − L(A)i
µ− L(B)i
. (A.12a)
The combination of Eqs. (A.7) and (A.10) yields
|β|2
|α|2 =
ν(ν − L(0))
µ(µ− L(0)) . (A.12b)
Equating Eq. (A.12a) with Eq. (A.12b) and using the
condition that the ith factor in Eq. (A.9) is zero, we find
the following system of equations:
ν
ν − L(0)
ν − L(A)i
= µ
µ− L(0)
µ− L(B)i
,
[ν − L(A)i ][µ− L(B)i ] = |γi|2.
(A.13)
This problem can be straightforwardly solved:
µ =
L
(A)
i q
(B,A) ± |γi|
√
q(A,B)q(B,A)
q(A,A)
,
ν =
L
(B)
i q
(A,B) ± |γi|
√
q(A,B)q(B,A)
q(B,B)
,
(A.14)
where we apply the following definition (S, T ∈ {A,B}):
q(S,T ) =L
(S)
i (L
(T )
i − L(0))− |γi|2. (A.15)
From Eq. (A.7), we also get
|α|2 = µ− L
(0)
ν
and |β|2 = ν − L
(0)
µ
. (A.16)
In conclusion, the separability eigenvector |a, b〉 is com-
posed of the states in Eq. (A.1), which can also be writ-
ten in the form
|a〉 =
√
ν|0〉+
√
µ− L(0)eιϕ|i〉√
ν + µ− L(0)
,
|b〉 =
√
µ|0〉+
√
ν − L(0)eιϑ|i〉√
µ+ ν − L(0)
.
(A.17)
Here, ι denotes the imaginary unit to avoid confusions
with the positive integer i. The phases ϕ and ϑ have to be
chosen such that Eq. (A.11) is satisfied (ϑ = ϕ− arg γi).
The separability eigenvalue is expressed in terms of µ and
ν in Eq. (A.4). Therefore, the SEP is solved for the test
and density operators under study. All solutions together
with the trivial cases can be found in Table I.
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